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SUMMARY 

An analysis is given for a distributed RC network which 

consists of a resistive layer separated by an insulator from 

three separate electrodes. A conducting tab is placed completely 

across two opposing ends of the resistive layer. These tabs 

form two terminals of a five-terminal network. The three electrodes 

form the other terminals. The short circuit admittance parameters 

for this network are derived and consideration is given to special 

interconnections.' The short circuit transfer admittances between 

an electrode and either end of the resistive layer may easily 

be made rational. An interconnection provides the possibility of 

a rational short circuit transfer admittance which does not possess 

a zero at the origin. The method can be extended to similar 

multielectrode networks. 
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ANALYSIS OF R E C T A X G U L A R  R C  DISTRIBUTED 
CIRCUITS WITH S H A P E D  ELECTRODES 

I n t r o d u c t i o n .  C i r c u i t  t h e o r y  f o r  l i n e a r ,  l u m p e d ,  p a s s i v e ,  

b i l a t e r a l ,  f i n i t e  n e t w o r k s  h a s  b e e n  w e l l  d e v e l o p e d .  T h e  d i s t r i -  

b u t e d  c i r c u i t ,  w h i l e  o f f e r i n g  d i f f e r e n t  p r o p e r t i e s  o f  w h i c h  some 

a r e  a d v a n t a g e o u s ,  h a s  n o t  b e e n  f u l l y  e x p l o r e d .  Some o f  t h e  r e c e n t  

m e t h o d s  o f  s y n t h e s i s  w i t h  d i s t r i b u t e d  c i r c u i t s  h a v e  b e e n  c o n c e r n e d  

w i t h  t h e  i n t e r c o n n e c t i o n  o f  a n u m b e r  o f  u n i f o r m  s t r u c t u r e s  [l], 

[2]. A n o t h e r  m e t h o d  m a k e s  u s e  o f  a n o n - u n i f o r m  r e s i s t a n c e  a n d  

c a p a c i t a n c e  o f  a s i n g l e  s t r u c t u r e  [ 3 ] .  A b a s i c  b u i l d i n g  b l o c k  

w h i c h  l i e s  b e t w e e n  t h e s e  a p p r o a c h e s  u s e s  a u n i f o r m  r e s i s t a n c e  a n d  

a p a r t i t i o n e d  c a p a c i t a n c e  [4], [ 5 ] .  A l o g i c a l  e x t e n s i o n  o f  t h e  

l a t t e r  c i r c u i t  i s  t h e  s u b j e c t  o f  t h i s  p a p e r .  I t  i s  n e c e s s a r y  t h a t  

t h e  p r o p e r t i e s  o f  t h e  s t r u c t u r e  b e  e s t a b l i s h e d  b e f o r e  t h e  s y n t h e s i s  

p r o b l e m  c a n  b e  s o l v e d .  
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The  t y p e  o f  d i s t r i b u t e d  R C  n e t w o r k  d i s c u s s e d  i n  t h i s  p a p e r  

i s  i l l u s t r a t e d  s c h e m a t i c a l l y  i n  F i g .  1. I t  i s  c o m p o s e d  o f  a 

r e c t a n g u l a r  u n i f o r m  r e s i s t i v e  l a y e r  o f  w i d t h  W a n d  l e n g t h  L .  

A c o n d u c t i n g  t a b  i s  p l a c e d  a l o n g  e a c h  e n d  o f  t h e  r e s i s t i v e  l a y e r .  

T e r m i n a l s  1 a n d  2 c o n n e c t  t o  t h e s e  t a b s .  A t  a n y  p o i n t  a l o n g  t h e  

r e s i s t i v e  l a y e r ,  t h e  c a p a c i t y  p e r  u n i t  a r e a  t o  e a c h  o f  t h e  t h r e e  

c o n d u c t i n g  p l a t e s  i s  d e f i n e d  as  C ( o ’ ( x , y ) ,  C ( 3 ) ( x , y )  a n d  C ( 4 ) ( x , y )  

as  s h o w n .  The  t o t a l  c a p a c i t y  p e r  u n i t  a r e a  i s  c o n s t a n t .  T h a t  i s  

A s i m p l e  c o n s t r u c t i o n  t h a t  a c c o m p l i s h e s  t h e  c a p a c i t y  r e q u i r e -  

m e n t  i s  a t h r e e  l a y e r  s t r u c t u r e  a s  shown i n  F i g .  2 .  Two o f  t h e  

t h r e e  c a p a c i t a n c e s  a r e  z e r o  a t  a n y  p o i n t ;  t h e  t h i r d  i s  e q u a l  t o  

C .  A l t h o u g h  t h i s  i s  a v e r y  u s e f u l  s t r u c t u r e ,  i t  i s  b u t  a s p e c i a l  

c a s e  f o r  t h e  a n a l y s i s  g i v e n .  

I n  t h e  a n a l y s i s  t h e  i n t e r e l e c t r o d e  c a p a c i t a n c e s  a r e  a s s u m e d  

t o  b e  z e r o .  Any n o n - z e r o  v a i u e  c a n  b e  c o n s i d e r e d  t o  b e  ti l u m p e d  

e l e m e n t  c o n n e c t e d  e x t e r n a l  t o  t h e  i d e a l i z e d  d i s t r i b u t e d  c i r c u i t .  

A n a l y s i s .  The  p o t e n t i a l  a t  a n y  p o i n t  on  t h e  r e s i s t i v e  l a y e r  w i t h  

r e s p e c t  t o  t e r m i n a l  z e r o  i s  d e f i n e d  as  V a n d  i s  a f u n c t i o n  o f  

x a n d  y .  T h e  r e l a t i o n s  t o  b e  s o l v e d  w i t h  t h e  p r o p e r  b o u n d a r y  c o n -  

d i t i o n s  a r e  

- 
V . J = - sCV + J1 

S 
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and 
- 

V V = -RJ 
S 

( 3 )  

Where 
- 
J is a surface current vector in amperes per unit length. 

S 

J1 is an input scalar current density in amperes per unit 
area. 

R is the layer resistivity in ohms p e r  square. 

C is the total capacity in farads per unit area. 

The term J1 in (1) allows for potentials on the other electrodes 

and is a function of position. 

The surface current density may be eliminated between (2) 

and (3) to give (5). 

V * V V = RCSV -JlR ( 5 )  

The coordinates are shown in Fig. 2. Iii the first c . a a = ,  l e t  all 

terminals excluding number 1 be connected together. Voltages and 

currents are defined in Fig. 3. This connection imposes the fol- 

lowing boundary conditions: 

V = V1 at x = 0. 

V = 0 at x = L. 

J = 0 at y = 0 and at y = W. 

J1 is zero everywhere. 
Y 
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T h e  s o l u t i o n  t o  ( 5 )  i n  t h i s  c a s e  i s  t h e  c l a s s i c a l  s o l u t i o n  t o  t h e  

d i s t r i b u t e d  R C  c i r c u i t  w i t h  s h o r t e d  t e r m i n a l s .  

V 1  S i n h  [y(L-x)l 
v =  

S i n h  [yL] 

a n d  

-  COS^ [y(L-x)] 

R S i n h  [yL] Jx - 

When ( 7 )  i s  e v a l u a t e d  a t  t h e  e n d s ,  t h e  c u r r e n t s  1 1 1  a n d  1 2 1  

a r e  r e a d i l y  d e t e r m i n e d .  

H e n c e ,  

a n d  

WV1 y C o t h  [YL] 
I 1 1  = 

R 

wv1 Y 
- 1 2 1  = 

R Sinh [yL] 

W y C o t h  [yL] 
Y 1 1  = 

R 

- w y  
-Y21 - 

R S i n h  [yL] 

(7) 

( 9 )  
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The c u r r e n t  I31 c a n  b e  d e t e r m i n e d  b y  t h e  r e l a t i o n  

I n  some a p p l i c a t i o n s  ( 1 2 )  i s  e a s i l y  a p p l i e d  d i r e c t l y .  I n  t h e  g e n e r a l  

c a s e  i t  i s  c o n v e n i e n t  t o  e x p r e s s  C ( 3 ) ( x , y )  b y  a t w o - d i m e n s i o n a l  

F o u r i e r  s e r i e s .  L e t  

T h i s  a p p a r e n t l y  r e s t r i c t e d  f o r m  i s  q u i t e  g e n e r a l  s i n c e  t h e  a r e a  

s p e c i f i e d  i s  o n l y  o n e - f o u r t h  o f  t h e  f u n d a m e n t a l  a r e a .  T h e  s u b -  

s t i t u t i o n  o f  ( 1 3 )  i n t o  ( 1 2 )  w i t h  t h e  i n d i c a t e d  i n t e g r a t i o n  p e r f o r m e d  

y i e l d s  

R L n = l  s + X n o  

a n d  

m nsC ( 3 )  n o  
- -  - Y 3 1  - W n  RL c 

n = l  s + X n o  

w h e r e  

By s i m i l a r  o p e r a t i o n s  
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T h e  o t h e r  s h o r t  c i r c u i t  p a r a m e t e r s  may b e  d e t e r m i n e d  f r o m  t h e  i n t e r -  

c o n n e c t i o n s  shown i n  F i g .  4. F o r  t h e s e  c o n n e c t i o n s ,  t h e  b o u n d a r y  

c o n d i t i o n s  a r e :  

V = 0 a t  x = 0 a n d  a t  x = L 

J = O a t y = O a n d a t y = W  

J1 = V 3 s  C ( 3 ) ( x , y )  . 

- 
Y 

I n  t h i s  c a s e  t h e  s o l u t i o n  o f  ( 5 )  i s  

m m 
S i n  (T) n n x  c o s  (y) 

v =  1 1 'nm n = l  m = O  

a n d  

T h e  s u r f a c e  c u r r e n t  d e n s i t y  may b e  o b t a i n e d  b y  t a k i n g  t h e  g r a d i e n t  

o f  V as  i n d i c a t e d  i n  ( 3 ) .  The c o m p o n e n t  i n  t h e  x d i r e c t i o n  i s  

m m 
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T h e  c u r r e n t s  1 1 3  a n d  I 2 3  may b e  d e t e r m i n e d  f r o m  ( 2 0 )  b y  p u t t i n g  

x = 0 ,  a n d  x = W r e s p e c t i v e l y  a n d  i n t e g r a t i n g  f r o m  0 t o  W .  The  

c o r r e s p o n d i n g  s h o r t  c i r c u i t  a d m i t t a n c e  p a r a m e t e r s  a r e  t h e n  d e t e r -  

m i n e d  t o  b e  

a n d  

m nsC ( 3 )  c o s  ( n r )  no 

s + A  
w =  c - 

Y 2 3  - E 
n = l  n o  

( 2 2 )  

T h e  c u r r e n t  I 4 3  i s  d e t e r m i n e d  by  t h e  r e l a t i o n  

w h e r e  V i s  d e f i n e d  b y  ( 1 7 ) .  

c a n  b e  e x p a n d e d  i n  t h e  same m a n n e r  a s  C ( 3 ) ( x , y )  i n  (13). 

u a t i o n  o f  ( 2 3 )  r , e v e a l s  

W i t h  a c h a n g e  i n  s u p e r s c r i p t ,  C ( 4 ) ( x , y )  

T h e  e v a l -  

m ( 3 )  c ( 4 )  ,2 
nm nm 

nm 
c T C  CLW 

‘ Y 4 3  = -)y- 
n = l  m = O  s + A 

The  p o t e n t i a l  b e t w e e n  t h e  r e s i s t i v e  l a y e r  a n d  t e r m i n a l  3 i s  V - V 3 .  

H e n c e ,  t h e  d r i v i n g  c u r r e n t  i s  
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f r o m  w h i c h  o n e  o b t a i n s  

I n  a s i m i l a r  m a n n e r  

T h e  same p r o c e d u r e  y i e l d s  

m s c  ( 4 )  c o s  ( n v )  c no 

s + x  

nvW 
Y 2 4  = E 

n = l  n o  

a n d  

Wy C o t h  [yL] 
3 - 2 2  = 

R 

T h e  n e t w o r k  i s  b i l a t e r a l ,  h e n c e  a l l  s h o r t  c i r c u i t  a d m i t t a n c e  

p a r a m e t e r s  a r e  d e t e r m i n e d .  

T h e  f i v e - t e r m i n a l  n e t w o r k  w h i c h  h a s  b e e n  a n a l y z e d  may now 

b e  i n t e r c o n n e c t e d  i n  a v a r i e t y  o f  w a y s .  F o r  e x a m p l e ,  i f  t e r m i n a l s  

1 a n d  2 a r e  c o n n e c t e d  t o  t h e  r e f e r e n c e  t e r m i n a l ,  a n d  i f  f u r t h e r  

C ( 3 ) ( x , y )  a n d  C ( 4 ) ( x , y )  a r e  e x p r e s s i b l e  i n  a f i n i t e  t r i g o n o m e t r i c  
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s e r i e s ,  a t h r e e - t e r m i n a l  n e t w o r k  i s  o b t a i n e d  w h i c h  h a s  r a t i o n a l  

s h o r t  c i r c u i t  a d m i t t a n c e  p a r a m e t e r s .  The  p h y s i c a l  c o n s t r u c t i o n  

w i t h  C ( 3 ) ( x , y )  a n d  C ( 4 ) ( x , y )  e x p r e s s i b l e  w i t h  a f i n i t e  t r i g o n o -  

m e t r i c  s e r i e s  i s  d i f f i c u l t  t o  p r o d u c e .  The  s t r u c t u r e  i l l u s t r a t e d  

i n  F i g .  2 i s  e a s y  t o  c o n s t r u c t  a n d  p o s s e s s e s  i n t e r e s t i n g  f e a t u r e s .  

A n o t h e r  e x a m p l e  o f  i n t e r c o n n e c t i o n  i s  t h e  c a s e  w h e r e  t e r m i n a l s  

a n d  " 3 "  a r e  c o n n e c t e d  t o g e t h e r  to f o r m  t e r m i n a l  " a ? ' ,  t e r m i n a l s  

a n d  "4" a r e  c o n n e c t e d  t o g e t h e r  t o  f o r m  t e r m i n a l  "b"  , a n d  t e r m -  

I 1  1 1 1  

I ?  2 I I  

i n a l  "0" i s  u s e d  as  a common t e r m i n a l  t o  f o r m  a t w o - p o r t .  The  

c o r r e s p o n d i n g  s h o r t  c i r c u i t  p a r a m e t e r s  a r e  e x p r e s s i b l e  i n  t e r m s  o f  

t h e  p a r a m e t e r s  o f  t h e  f i v e - t e r m i n a l  n e t w o r k ,  

A s p e c i a l  c a s e  o f  t h i s  s t r u c t u r e  i s  a l s o  o f  i n t e r e s t .  L e t  

C ( x , y )  = 0 .  The  s h o r t  c i r c u i t  t r a n s f e r  a d m i t t a n c e  b e c o m e s  

y ~ +  + y 1 2 .  The  s e r i e s  f o r m  o f  y14  a s  g i v e n  i n  ( 1 6 )  c o n v e r g e s  

r a p i d l y  i f  t h e  s l o p e  o f  t h e  a m p l i t u d e  f u n c t i o n  i s  p o s i t i v e  a n d  

t h e  o v e r a l l  l o s s  i s  n o t  too g r e a t ,  I n  o t h e r  c a s e s  i t  may c o n -  

v e r g e  v e r y  s l o w l y .  F o r  t h e s e  c a s e s ,  i t  i s  c o m p u t i o n a l l y  s h o r t e r  

t o  u s e  ( 1 2 )  d i r e c t l y .  A s s u m i n g  t h e  f o r m  g i v e n  i n  F i g .  2 w h e r e  

e l e c t r o d e  number  4 c o v e r s  t h e  a r e a  b o u n d e d  b e l o w  b y  t h e  x a x i s ,  

a n d  a b o v e  b y  t h e  e x p r e s s i o n  f ( x ) ,  i t  i s  s e e n  f r o m  ( 6 )  a n d  ( 1 2 )  t h a t  

( 3 )  

i f ( x )  S i n h  [ y ( L - x ) d x  ( 3 3 )  
s c  

- Y 4 1  = 
S i n h  [yL] 0 
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T h i s  i n t e g r a l  c a n  u s u a l l y  b e  e v a l u a t e d  i n  a s t r a i g h t f o r w a r d  m a n n e r .  

H o w e v e r ,  i t  may b e  o b s e r v e d  t h a t  i t  i s  a c o n v o l u t i o n  i n t e g r a l  a n d  

may b e  e v a l u a t e d  as  

w h e r e  F(P) i s  t h e  L a p l a c e  t r a n s f o r m  o f  f ( x )  a n d  P i s  t h e  L a p l a c e  

t r a n s f o r m  v a r i a b l e .  I t  should a l s o  b e  n o t e d  t h a t  l i n e a r  o p e r a t i o n s  

o n  f ( x )  r e s u l t  i n  t h e  same l i n e a r  o p e r a t i o n s  on  g ( L ) .  W i t h  t h i s  

i n  m i n d ,  a t a b l e  c a n  q u i c k l y  b e  c o n s t r u c t e d  f o r  y 4 1  a n d  f ( x )  f o r  a 

n u m b e r  o f  c a s e s .  

T a b l e  I i s  s u c h  a n  a b b r e v i a t e d  t a b l e  w h i c h  g i v e s  a f e w  i n t e r -  

e s t i n g  r e s u l t s .  
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T A B L E  I 

T r a n s f e r  A d m i t t a n c e  a s  a F u n c t i o n  
o f  E l e c t r o d e  S h a p e  

c l - \  -Y4 1 

1. 6(x-xo) 

2 .  u(x-,, 

3 .  k 

4. x 

6. x2 

7 .  S i n  a x  

sC S i n h  [y(L-xo)l 

S i n h  [yL] 

1 Cosh [y(L-xo)] - 1 

Y S i n h  [yL] 

Cosh  [ y L ]  - 1 1 
Y S i n h  [yL] 

y L  1 1 
R - [l - S i n h  [ y L ]  

3 -(L-a) + S i n h  [y(L-a)] 

S i n h  s c  [yL] [ Y Y2 

1 s c [ - 2 -  y L2 + 2 Cosh  [yL] 

S i n h  [yL] Y 3  

1 a S i n h  [yL] - y S i n  [ a L ]  

S i n h  [ y L ]  a2 + R C S  
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mn 
L 8 .  S i n  - X 

mn 
RL S - 

1 b S i n h  [y(L-a)] - y S i n  [b(L-a)l 

RCs + b 2  

9. U(x-a) S i n  [b(x-a)] s c  

S i n h  [yL] 

10. Cos ax 1 Cosh [ y L ]  - Cos [all E RCS + a2 

s c y  

S i n h  [yL] 
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I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  i f  f ( x )  i s  Wx/L, t h e n  

I f  o n e  f u r t h e r  a d d s  t o  f ( x )  a f u n c t i o n  o f  t h e  f o r m  

t h e n  t h e  s h o r t  c i r c u i t  t r a n s f e r  f u n c t i o n  i s  a r a t i o n a l  f u n c t i o n .  

C o n t r a r y  t o  p r e v i o u s  r e s u l t s ,  t h i s  r a t i o n a l  f u n c t i o n  d o e s  n o t  

p o s s e s s  a z e r o  a t  t h e  o r i g i n .  T h e  p o s i t i o n  o f  t h e  p o l e s  i n  t h i s  

c a s e  a r e  r e s t r i c t e d  t o  v a l u e s  o f  - A  a s  g i v e n  i n  ( 1 5 ) .  The  

t o t a l  f u n c t i o n  o f  f ( x )  i s ,  o f  c o u r s e ,  r e s t r i c t e d  t o  t h e  a r e a  o f  

t h e  r e c t a n g u l a r  s t r u c t u r e .  

no 

T h e  a n a l y s i s  h e r e  h a s  d e a l t  w i t h  a t h r e e - e l e c t r o d e  s y s t e m .  

H o w e v e r ,  t h e  m e t h o d  i s  a p p l i c a b l e  t o  a s i m i l a r  s t r u c t u r e  w i t h  

many e l e m e n t s .  
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C o n c l u s i o n :  A m e t h o d  o f  a n a l y s i s  h a s  b e e n  d e v e l o p e d  f o r  t h e  

r e c t a n g u l a r  d i s t r i b u t e d  c i r c u i t  d e s c r i b e d .  T h i s  c i r c u i t  i s  a 

t w o - d i m e n s i o n a l  s y s t e m  a n d  t h e r e f o r e  h a s  t h e  p o s s i b i l i t i e s  o f  

a d o u b l y  i n f i n i t e  number  o f  p o l e s .  When t h e  c a p a c i t a n c e  o f  o n e  

o f  t h e  e l e c t r o d e s  t o  t h e  r e s i s t i v e  s h e e t  c a n  b e  e x p r e s s e d  i n  a 

d o u b l y  f i n i t e  t r i g o n o m e t r i c  s e r i e s ,  t h e n  t h e  d r i v i n g  p o i n t  a n d  

t r a n s f e r  a d m i t t a n c e s  o f  t h i s  e l e c t r o d e  a r e  r a t i o n a l  f u n c t i o n s .  

A p r a c t i c a l  s t r u c t u r e  p r o d u c e s  a s h o r t  c i r c u i t  t r a n s f e r  a d m i t -  

t a n c e  w h i c h  i s  r a t i o n a l  a n d  w h i c h  d o e s  n o t  n e c e s s a r i l y  h a v e  a 

z e r o  a t  t h e  o r i g i n .  A r e l a t i o n  w a s  e s t a b l i s h e d  f o r  t h e  p o s s i b l e  

l o c a t i o n  o f  t h e  p o l e s .  

A c k n o w l e d g e m e n t  

The  a u t h o r  w i s h e s  t o  e x p r e s s  h i s  a p p r e c i a t i o n  t o  D r .  Yumin F u ,  

Dr. J u l i a  Fu a n d  Dr. F.W. Tatum f o r  s u g g e s t i o n s  o n  t h e  m a n u s c r i p t .  
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